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Existence of positive solutions to a class of Caputo
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Abstract: In order to investigate the existence of positive solutions to a class of Caputo fractional differential equation boundary
value problems with p-Laplacian operator, the Green’s function is obtained by calculus, and its properties are discussed. By
using monotone iterative technique, at least two positive solutions are obtained for the boundary value problems. An example is

given to illustrate the existence of positive solutions to this kind of equation boundary value problems.

Keywords: ordinary differential equation; Caputo fractional derivative; positive solution; monotone iteratiation; boundary

value problems

W T REARBFZN —DEEL L BV 2 MR S ETRBAEE T ZHN A, Tk,
S B  4r J AR TAEIR) R R 1 2 80 AR M e ot

AR p-Laplacian 587 A {8 R AY IE AR 1 O

D, [$, (Deru) ]+ f(t,u®) =0, 0<t<1,
{Dngu(l) =0,d"(0) = 0,u(0) = ' (0, ulp) = pwu’ (D,

Horp 0<p<C1,2<<a<<3,3<<a+p<<4, DS+ , Diy 42 Caputo 43 B 853, 6, (w) = |u| 2w, p>1, iz AR EZENA
J5 1, 75 B 1% IR RE IE i B AR TE 1

TEA SCH , SR BT T 44 AL

(D

e H #1:2016-05-23 3 #% [0 H #1:2016-10-19; St {E 4048 . 3k

HETE EEHRBE IS (11401159 57164 H R B34 (A2014208158)

PEH B BT (1978 2o, Wb SR , YEI , WE , E 2 440 05 12 O T 1) TR 9
E-mail : mathhong@126. com

R, B3k —2 Caputo 43 $UB 84 75 72 IE AR W9 A2 ZE HELT]. I JbBh B K22, 2016, 37(6) : 575-580.
LI Yunhong, LYU Wenjing. Existence of positive solutions to a class of Caputo fractional differential equations[J]. Journal of Hebei
University of Science and Technology,2016,37(6) :575-580.



576 o BBk % E i 2016 4F

H) 1 >0,p,>0,0<g<<1l,p=ntp —p2,p>>0,(a— Dp =15

H,) f:l:O?l:lX[09+O°)_’[0’+OO)7~EILZF£§E<J$

H3) f(tao)zoaf(t’ 1)3—'50,/&\ o= gl[?)f]f(t’ 1)9Hﬁﬁﬁﬁ 3>0,ﬁﬁg’xd-{£%iﬂg te [0’ 1]’
uE[O,—FOO)Jﬁ f(t,/lu)</16f(t,u), VA>10

1 W&EAMR

S UE BH 4538, 75 B R T T ARG T A R
EX1 PRI v:(0,+)>R K >0 f Riemann-Liouville R4 € X W0TF :

I, y() = I%Jo (t—s)y(s)ds,

HPHEBEIEWO, ) FBREELH,
EX 2 HEE y:0,+0) >R a> 0 Caputo 4 E LI -

D3+y(t) = F(%_a)jo (—s) ! y(") (s)ds,

Hepn=[a] +1,HFHRFEWO, +o0) LZFEEEXLH.
GIE1 4 o> 0,8 ul®,Dsut) € LO,1), 1
I&Deu(t) = u(t) +co +att et + o +eyatVt, ¢, € R, i=0,1,2,+,N,
Hf NBRTHET « HER/PDELK.

2 FEZHZR
52 MEREOD SHT
t 1
w0 = = [ = 9ads + d G ) = [ GGivatods, @
/\EP:
1 s
ey — g{fo(l - T>ﬁ‘1f<f,u<f>>df—jo<s—T>ﬁ‘1f<f,u<f>>df}, .
r®
1 7
pea—D[ A =9ads— [ G—n"ads
dl = g 9 ) (€Y)
I'(ap
(t‘i_;l])[#z(a_ 1)(1 _S)rz - (77_3)r1:| +p(t— S)a_l ’ 0 < N < min{taﬂ} < 1,
Glros) = 1 |Gt wlpp—DA—D""—@H—9""], 0<r<s<<y<1,
T T@R (o pma— DA = D7 ple— D7, 0< g<s <t <1,
G+ p)dpa— DA =%, 0<<max{t,p <s<<1,
)

b, 19, E‘Jﬁ%?,H%qL% —1,

ER FARQD S8 DL, (Deru) ]+ fGul() = 0,04 DE[$,(Deu)] =— fu®),
P 0 B ¢ B, RIS 1%

¢p(Dg+u(t)) =— I%B)J;(t— OF ! f(ryule))dr + ¢ »
FH AR FH Dyu(l) = 0,718

j:u — D f(rule))de
)

Co —

H i,

1 t
Diyu(t) = ¢q{J0(1 B T)ﬁ_lf(l.,u(f))dr_fo(t_ 7:)IHf(‘l"u(z'))d‘c'}
r®



% 6 1 R 3 Caputo 5B B 7 IE AR 1077 45 577
F BB 0 B ¢ B4y, FIHGIHE 115
w) = 2 )J (t— ™ a()ds + dy + dyt +dat?
FARD FH «0) =0, d, = 0, LA
w) = [ (1= 9 el ds+do + it 6
B, TH
0 = s e ds+di @
3 (6) 2 (7 PR (D HFEY 1(0) = gy’ 0, AT
dy = #1d1 o (8
R 6)— K@) MR FHY ulp = ' (D), 7H
o wa—D[ A=97%awd—[ "G ads
o I'(wp °
IEHISESE
B3 B2 a() =0, F 0< s <t < Lody = 0.G(trs) =0 H b p(9) < Gltys) < ko p(5) s

I'(ap I'(@p
R H&M H) A8 fGhu(@) Z 0, HEAEEN 0 <s <t <1, A:

@(s) = ¢{J (l_f)le(z',u(z'))dr—J (s_f)ﬁplf(r,u(r))dr%
re

g{ﬂ“ - aﬁ“lf(f,u(f))df—ﬁ(s— aﬁf(f,u(r))df}} N
)
B4 HD) W8 > 0,0<p<<l,p=n+m—p>0,(a— Dy =1,Hlt
e D[ A= 9atds— [ (=9 atds
I'(ap
1 1
[[a=oamds—[ G—oatds
0 0
I'(ap

:,H\:':F':p(s) = (1—9"2,k =#1[#2(a—1)—1]’k2 _ (1+p1)p2(a—1)—|—po

d, = =

=0,

§O<S<mln{ ’77 lﬂj‘a
G+ p)lpple—1DA =)= (—""]

G(t,s) = T'ap Folt=97 <
(4 s 5325;)(1 O 19 =k p(s),

o — <t+#l>[m<a—1>1§(1a)—()s>“2 LG R L PR
il Ca— 1)(11*_(:;;2 —A=D7 _ p.

FJ]"[’J\ klp(S) G(t,S) kzp(s) Xlﬁj‘j(a_l)#z/lyﬁ)?u k] >0,E‘lﬂ$G(t’S)>00;H;{EBZI‘E—[JE/‘JEE%

FfL, B

4 E=C[0,1],Yu € CL0,1],EX lul = max | w|,Ht E & Banach &6l E X K C E W

K = {u | u e E,u %[091] J:qukﬁ JW&E‘JI%%&}O
BFY T:K—~>ERH

Tu() = - )J =@ ds +dy Gt ) = [ Gra(ds,

Eﬂ 1 ﬁ%'ﬁ: Hl)—H3) &L,Hﬁﬁmﬁr> 1"&1‘%
S B <1, 0 u<L o< ri,H f,uw < f(,0);

€))



578 o BBk % E i 2016 4F

rg+on E,
WHERBD ZPFELADER . Mo FHHROIL o | <r o< o | <7 Hr

_ 1
0 = lim s w, = Tuy s mm= 152,00 ug (1) = 2 1”] G(ty9)dsy t € [0,1],
0

—— ks

v =1lm v,y vy = TOpas n=1,2,+, v,(t) =0, t € [0,1],

n—>co

WER  ESRIEM T:K - K B&%E 81,
Vue K, i () = 0,G(tys) = 0 A8 Tult) — leu,s)ca(s)ds >0,

S2) { rso- }Tl < (a—l)r

HX, B 7] Tu(r) = I%ﬂ(t—s)”_ld)(s)ds—f—dl (t4 ) A @) =0,d, =0, BT A Tu(t) %

T REFAWEHL T:K > K. i [0 BESNE, AT/ T RESK.
B MC KREAER, MFEERLER ol <IXEERw € MEKSL .4 L = max f(,u) +1,

o<1,
0<<u<l

MXEBR v € M, A .
B(s) = ¢q{ﬁ(1—r)ﬁ_lf(t,u(r))dr—ﬁ(s—r)ﬁ_lf(r,u(t))dt}<

T®
1
%{L“ - f>f*‘1f<f,u<f>>df]I><
T®
1 o
¢q{LL(1—f) df}<
T®
L 71
{p(p+1)} .
A,
(Tw) (1) = I%ﬁ(t—s)“_lcb(s)ds—l—dl(t—l—;zl) <
10 Lo(od p2(a— l)ﬁ(l — ) fa(s)ds
F(a)fo(l_S) o)ds + I'(ap AFp) <
L 7 1 (L4 1)
{F(ﬁ—f—l)} [P(a—f—l) I'(ap :|’

LA T(MD B—BERD.
THERIEH T(M) BEFELEN IR ue M,0<t, <t <1,0%
| (Tw) () — (Tw) (1) | <

L 2 el g - 1 31 e
r(wfo (& =97 al)ds F—(Q)L (= a()ds

+di(t, — 1) <

4 - s 2, e
‘j (G =97 = (=9 Jalds | | L(tz Dteds|
I'(a) I'(ae)
L g o
{F</3+1>} TarD FhE—n

XA T(M) REFEAESN, N Arzel-Ascoli B3, 7118 T B22#E LK,

4K ={ue K:0< ul <}, FTHIEH TK, C K,,

Fue K, Mo<ule) <r, MIAEZMHH) g 1F S, aTH << fGu@®) < [, <
e, <%, H:

(Tw) (1) = J:G(t,s)d)(s)ds _

JIG(I’S)%{J:(I—t)ﬁ_lf(z',u(z'))dz'—ﬁ(s—r)ﬁ_lf(t,u(r))dr}ds<
° re




% 6 34 ZERLL, % . —3K Caputo 73 W 53 J5 78 IE M O 77 1E 1 579

_ 1
G(t,s)sﬁ{ 1 —o)F f(‘z',u(‘z'))d‘z'}ds<

r®

. 1
(1 F dt}ds<
F(,@)

g1

I
j ke p(),d "
T

B+1>} Jlkzp(s)ds<

{F(ﬁ+1)} a—1<’°

BT | Tu | <r B0l TK, C K, .
- %j GCty)ds, BIR uo < r Tl uo € K, .
2

A uy=Tu,,HTK,CK,, A8 u € K, s, u,=Tu,,,n=1,2, ,HHABu, € K,,n=0,1,2,
XEK T REELE T FTUFIN w00 BEM.

A

u (1) = (Tuy) (1) =

JlG(t,sm{ﬂu—fo(f,uo(f))dT—j;(s—fo(f,uo(f))df}ds<
0

T®
le(t,sm{Lu—f>ﬁ1f<f,uo<f>>df}ds<
0 re

rﬁo. g1 r1
{P<ﬁ+1>} J0G<z,s)ds<

—1)7’J G(tys)ds = uqg »
ks

H Tu(® ZF u®) BEFARBA, BT w. (1) = Tuy () < Tuo () = wy (O BHENH w, () <u, (O HI,
FEuw €K, ffiBRu, >u JUHTHESEEMu, = Tu, /B u" = Tu" il o BEEEQ HIEMF.

L0 =088 v €K, %v="To,HTK, CK,,/[B v € K, & v, =Tv, ,n=1,2,,FHIAT
Bo, €Kn=0,1,2, XA~ T REEZEF ITUFI v} izo BEHFHHR v () = (To) () = v,
B Tu(® 2F u(o) ZBEFEARBAY, BT v, (1) = To, (0 = To, (1) = v, (0) B HEAE 0, ) < v, O HIM,
FE €K, v, >v A THESEEMv, = To, B o =To" , T " ZEEEQ) K IER . IE
B 52 L |

EEHE P 0" AATBES,EXFMFLT RHEDZDH 1A IER,

3 % f
T T 60 9 IE R
DS [y (D3 w()) 1+ £t u())=0, 0<t<1,
{Déium:o,u”<o>=o,u(o>=o.9u/(o>, u(0.5)=0.6u"(1),
HHf f(t,0) =+ Dt 1T ,0<r<1,u>0, 4 r=49,0
FEa=G+D Qut DI <E+D Qut03 =25 G+ D (wtDF =27 f(t,0), ¥ A=1,
o= max f(t,1) =27, F(t, W) <f(t,0), ¥ 0<u<v<CA9,

r's " (a—Dr_
[FgrTy| =3-185 S90S =31, 596 046

MR 1 aTH, LaRBERBEZE DR 2 N IEMR.



580

wode BB K ¥ ¥ W 2016 4F

% % 3Lk /References:

(1]

(2]

[3]

[4]

(5]

L6]

7]

(el

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

AHMAD B, MATAR M, AGARWAL R. Existence results for fractional differential equations of arbitrary order with nonlocal integral
boundary conditions[J]. Boundary Value Problem,2015,220:1-13.

ZHANG Lihong, AHMAD B, WANG Guotao, et al. Nonlinear fractional integro-differential equations on unbounded domains in a
Banach space[J]. Journal of Computational and Applied Mathematics,2013,240:51-56.

ALBERTO C, HAMDI Z. Nonlinear fractional differential equations with integral boundary value conditions[J]. Applied Mathematics
and Computation,2014,228.251-257.

VONG S. Positive solutions of singlular fractional differential equations with integral boundary conditions[J]. Mathematical and
Computer Modelling,2013,57: 1053-1059.

SOTIRIS K N, SINA E. On the existence of solutions for fractional differential inclusions with sum and integral boundary conditions[J].
Applied Mathematics and Computation,2015,266: 235-243.

KOU Chunhai, ZHOU Huacheng, YAN Ye. Existence of solutions of initial value problems for nonlinear fractional differential equations
on the half-axis[J]. Nonlinear Analysis,2011,74;: 5975-5986.

CUI Yujun. Uniqueness of solution for boundary value problems for fractional differential equations[J]. Applied Mathematics Letters,
2016,51:48-54.

ZHANG Lihong, AHMAD B, WANG Guotao. The existence of an extremal solution to a nonlinear system with the right-handed
Riemann-Liouville fractional derivative[J]. Applied Mathematics Letters,2014,31:1-6.

LI Yunhong, LI Guogang. Positive solutions of p-Laplacian fractional differential equations with integral boundary value conditions[J].
Journal of Nonlinear Science and Applications,2016,9(3) :717-726.

ZHAI Chengbo, XU Li. Properties of positive solutions to a class of four-point boundary value problem of Caputo fractional differential
equations with a parameter[J]. Communications in Nonlinear Science Numerical Simulation,2014,19;2820-2827.

XU Xiaojie, FEI Xiangli. The positive properties of Green’s function for three point boundary value problems of nonlinear fractional
differential equations and its applications[ J]. Communications in Nonlinear Science Numerical Simulation,2012,17(4):1555-1565.
NTOUYAS S, ETEMAD S. On the existence of solutions for fractional differential inclusions with sum and integral boundary conditions
[J]. Applied Mathematics and Computation,2015,266.:235-243.

R, ZH. W p-Laplacian B F 19 48U 34 7 B 0 TEAR [T, W IR R 222 4, 2015, 36 (6) : 593-597.

LI Yunhong, LI Yan. A positive solution for the fractional differential equation with a p-Laplacian operator[J]. Journal of Hebei
University of Science and Technology, 2015,36(6) :593-597.

ZHANG Xinguang, LIU Lisan, WIWATANAPATAPHEE B, et al. The eigenvalue for a class of singular p-Laplacian fractional differ-
ential equations involving the Riemann-Stieltjes integral boundary condition[J]. Applied Mathematics and Computation, 2014, 235
412-422.

AMKO S G,KILBAS A A,MARICHEV O 1. Fractional Integrals and Derivatives: Theory and Applications[ M]. Switzerland: Gordon
and Breach,1993.

PODLUNY 1. Fractional Differential Equations, Mathematics in Science and Engineering{ M]. New York: Academic Press,1999.



	49
	50
	51
	52
	53
	54

