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Existence of positive solutions of boundary value problem
with integral boundary condition at resonance
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Abstract ; In view of the Leggett-Williams norm-type theorem due to O'Regan and Zima, by using the properties of the cone
and Leray-Schauder degree in Banach space, the existence of positive solutions of the second order boundary value problem with

integral boundary condition at resonance is studied. An example is given to illustrate the main results.
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2 (2

2+ ft,z(t)) =0, t& (0,1,
{x’<o> =0, 2= Dax(y)
i=1

EROAFEE . HPo<pn <p < <o <lia, > o,iai =1,
% bR SCERIE &, B AT B R AR R Z S R 52 A R R
{_ .’L’//(t) = f(tal'(t))’ t e [0’1]’

(3)
20 =0, z(1)= J:p(t)x(t)dt

IEMRRFFEE AP p() = O,Hﬁp(t)dt = L ASCH AT EOE KA Leggett-Williams AR 3 ai E #U, 45 H
T IERAFERI T 5105 .
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F OB AR TEAR TR TP IR, B T — Lo B AR FR DA R AR R B 3 AR b B 5 3L

EX 1 & X B Banach ], — M ESMAL S CCTX R 2 -

DAz € C, 3T € C,2=0;

DE x,—2€C,NE =0,

NFR C Hy e

B CARE X PR —1EF <y, HHMNY y—z€C,

# X,Y & Banach Z5Jd], L:dom L CX—>Y B N ZH Fredholm 7, Im L 2H&EH
dim Ker L=codim Im L<co, WM HFHELZHREZEF P: X>X M Q:Y—>Y,### Im P=Ker L,
Ker Q=Im L, 4, F dim Im Q=dim Ker L, Bt F R J:Im Q—>Ker L, Z# Rl L 7€ Ker P
dom L L ,ick L, , M EHBEFHFL.IEHN K,:Im L>Ker P(\dom L,

XA SCER11 ] ek (12, R C15 A SCER(16 D, 7 # Le= Nz M T 2= (P+JQN)x+ K, (1 —
Q) Nz,

SIE1MY B CHX A XA ue OO0 FHE LN ER O FER | 2tul =6 || x| L3¢
VzeC,

L v: X—>C RGNS, B y I —ELBE, H yz=x,2€ C, il

¥.=P+JQN+K,(I—QN f ¥, . =W¥-y,

EFEI™ BRCHXFHHE.Q. QN XPFHERFFE HOCO.CNW\QF*JT. B
L.dom LCX—>YR3% N 0 i Fredholm B+, H

DQN:X—Y #E8A R Kp(I-QN: X—>X EX WEBERTFE FREK;

2) SHEfT €30, Ndom L,A€ (0,1),Lz#ANx;

3D v Q. FTEBSH CHERE;

4) dy([I—(P+JQN), ]l ke s Ker LNQ5,0) 70, K dy 183 Brouwer & ;

SYFTE uo EC\{0}MFER VY 2E Cluy) NI #E | x| <o(uo) | Tx || , HHF Clug) ={x€C:pu, <z,
>0} 0Cu) HRIM Y € C,AREFER (| ztu | =0Cuo) | z || HRA 5

6) (P+JQN)7(30,) CC;
DY, (2, \2,)CC.
N Le=Nx £ CN Q. \Q)FE 1 M.
HFEIEMHR, LS
Ao e+ —2E a9 —[a—vpwdd, o<s<i<1,
3(1 —j £ p()d) :
G(tys): = ’
(1—s)? 5+ 3¢

T [(l—s)—fl(t—s)p(t)dt], 0<r<s<l1,

2 1
3(1—J £ p()d)
0
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. 1— j £ p(Ddt
. 0
K: = min , T )
max G(t,)° o 2[(1—9—] (t— ) p()de]
t,s€[0,1] s

B <1,
3 FEHKR

EE 2 BAFFE RE (0,00 f:[0,1]X[0,R]>R#EZH

Hy) f(t,2)>—kx, MR (¢,2) €[0,1]1X[0,R],

H,) f(t,R)<<0,%{Efif € [0,1] ,

H) L r€(0,R) 4, €[0,1],a€ (0,1],ME (0, D MELEE S g:[0,1]>[0,90) ,h:(0,r]>[0,00) fi
/Xt 2]€[0,11XC0,7r], BF fGa)=g(Oh(x), H h(x)/x* TEC0,r] LIEBE L

h(r)j G(to yS)g(S)dS > lMaM

9

W R (D 7E[0,1] FEAH 1 A IER.
iERR % & Banach 58] X=Y=C[0,11R{E% | = || = max |x(t)| JENEHET Lidom LCX—>Y,

Lz=—2"(t),t€[0,1],H,
domL={z€ X |2 € C[0,1],2/(0) =0,z(1) = le(t)x(t)dt}o
0

EXET N:X—>Y H(N2) ()= f(t,2()),t€[0,1],
BRAE Ker L={xEdom L.:x(t)=c,t€[0,1]} H

ImL={y€ Y:ﬁ[(l 9 —jl(t—s)p(t)dt]y(s)ds — 0},
B ,dim Ker L=1,Im L £,
EXREET P.X—> X, Q.Y>Y 3K
Pz (D) =Jlx(t)dt,
2 1 1
Qy(t) = I—J [(1—5)—J (t— ) p()dt]y(s)ds.
1—j £ p(Hde° :
BH5WUF Im P=Ker L,Ker Q=Im L H Ker P={z€ X jlx(s)ds =0},
0

VyeY, Ay=y—Q +Q.:.Qy — Q) =Q —Qy=0,8y—Q € Ker Q, FFUUFA
Y=KerQ+ImQ=ImL4+ImQ.VyeEImLNImQHyYyEImQ.HMy=cCEF), X y=c&€ImL,

ﬁj:[u—s) —f (t— ) p(t)dt]eds = O,Tfﬁﬁ[(l—s) —f(z—s)pu)dt]ds;a 0,ffllc=0,Im QO Im L —

O AT Y=Im QP ImL,HF dimIm Q= 1,HM codim Im L = 1,57A L BN 0 A Fredholm &

¥
ME—y€ImL,L, WFEHET K, i FXLH:

(Kp)y = J:k(t,s)y(s)ds,

Her,
(1—5)?
2 9
aA—s*
T2
A fFESEEFHE[0,1] X (—oo, +oo), HILEF 1 F &4 1) BT,

0<Cr<<s<1

k(t,s) ==
+5s— 0ls<<t<1,
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EXHEC={z € X:z(t) =0,t € [0,1]},

20 ={z€ X:r>| 2z |>M||x|| st € [0,1]} M, = {x € X: ||x|| < R},

BHWAE 0.0 HARIFE.

AN C N @\ # T EXFAH J:ImQ—>Ker L] =L,AEF 7. X>CHOy® =|z® |,
x € X JEMWEXT v B—MRZRA BN Q. PFEBGH CHERFE, XUHEH 1 PEMAF 3D BT,

THEHUHEHE 1 REM 2) oL i RRFE 2o € CN 2, N dom L LLK A, € (0,D) ff1f Le, =
Ao Nz, BPXt ¢ € [0,1] A

o) + A0 f(tz0) =0,
wen € l0,1]WR ) =R,H:
0= 2"0(t) == 2o f(t1 520 (1))

5&M4 HOFJE, FrLUE 3 1 B9 2) L,

THEIEH&H 0BT
St x€EKer LNQ.» B (1) =c,t€[0,1], X
HG) = c—2a | e |—2—*j [(—s) —j (t— ) p(OdlfCsy | ¢ Ddss

j £ p(0)dt

He ce[—R,R],A€[0,1],
% H(c,A) =0,

c=/1|c|-|— J[(l—s)—J t—s)pWOdt]f(s, | ¢ |Dds >
jz (Dt
Ale |—MJ [(1—5)—J (t— ) p(Ddt]ds = 0,
jt (Dt
MR HR,0)=0, B
R—m— 2, J[(l—s)—J (t— ) p(Dd] f(s,R)ds = 0,
fz (O de
HItE -
0< (1— R = 2—*f[<1 —9 —fu—s)p(t)dt]f(s,ze)ds,

—Jl £p(de°

5% H) FJE.
Stz € 3 N Ker Lo € [0,1].,8 HR,ND) # 0,BAMAE dsg(H(c,0),Ker L N 2,,0) = dg(H(c,1),
Ker L ) 2:,0) ., 4R dg (H(c,0) ,Ker L (] 2,,0) = dsg(I,Ker L ) 2,,0) = 1, 5fAF :
dg([I—(P+JQN)Y] lker s Ker L N 25,0) = dg(H(c,1),Ker L ] 2,,0) # 0,
T zxed B:

(P4 JQN)y(2) = J | 2(s) | ds+

j(l_ jtp(t)dt

HtE 1 H450F6) Bar. X x e 02\01 st € [0,1], M5 .

2

J [(1—5)-[ (t—s)p@®de]f(s, | z(s) [Dds >
1— jz (e

[(1—s) — j t—9pOd] | 2(s) | ds =

(W) (2) = J | 2(s) | ds+ 2 f[u—s)—f(z—sm(z)dz]f(s, | 2(s) Dds +
f £ p(Ddt :
! 2
fku,s){f(s, | 2(s) |>— : j [(1—f>—j (t— 0 pDde]f ey | (o) Ddr)ds =
’ j £ p()de

1 1
L | 2(s) | ds—i—JoG(t,s)f(s, | 2(s) |)ds.
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m&H H) .
1 1 1
w) () >L | 2(s) | ds—/cLG(t,s) | 2(s) | ds=L(1—xG(t,s)) | 2(s) | ds= 0

FILER 1 FE&ME 7 RAL,
BEEHER 1 &4 5) Mo,
Bou () =1,t € [0,1], BRHF u € C\{0},C(up) ={x € C|x(®) >0,r€ [0,1]}.
Bo(u) =1,8x€ Cluy) NI A x(0) >0,0 € [0,1],0< [z || <rvz@ =Ml 2|l ,e € [0,1],
FIRBEM H) XA « € Clug) N 9,

(W) (1) = j:x<s>ds+ﬁc<zo \) FCsyz(s))ds =

1
Mzl + [ Gl g h()ds =

h—(x(s))x“ (s)ds >
x°(s)

1
Mzl +22[ G g ()ds =

1
Ml z | +LG<to,s>g<s)

1
Mzl +52[ 6.goM | 2] ds=

Mzl +A=—Mllzll = =l
FferXﬂLT xGC(uo)ﬂa-Ql 9ﬁ ” x ” <O’(uo) ” Yz ” 9ED§EIE 1 EP%#F S)WS‘LO EE;‘:EIE 1 m%ﬂyﬁﬁ
Lx=NzfE CN(Q,\2) HE 1 4@,

4 5 F
2 P8 AN AL 4R 8 [A) R .
x”(t)+<—§+%+%)(xz—4x+3) V2t —8x+17 =0, te[0,1],
4
20 =0, (1) = flxu)dt,
1
Bp) =1> O,i%fop(t)dt =1, WEEH B RPITE, B8 = f G(0,s)ds = ﬁ JRXR = %,
e L o1 M=t (Lt o T L << 2
2 b ’ ’ 2 8 ( 2 72 2)’ ’ g SEW ST
te[o’ljo
R BIE:

AD [ty x) >— x,xﬂ}_%[t,x] € [0,1]x [ g}
Az)f(t’R) < O’XﬂLEE t e [091];

ADf2) = g(Oh(x) SEEL2] € [0, 1]><[ ]#Hyghm V! —8x+1 r( }HF

h(r) /53 V53 . 23 _1—-M
#2260 gds = L2 6o = Y B o1 1M,

W B 2 MRTA A B B ERIE (D L0, 1] EZAE 1A EM.
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