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Existence of solutions for boundary value problem of fractional
order impulsive differential equations systems
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Abstract : By defining appropriate linear space and norm, giving the appropriate operator, using the contraction mapping prin-
ciple and krasnoselskii fixed point theorem respectively, the existence and uniqueness of solutions for boundary value problem of
fractional order impulsive differential equations systems are investigated under certain condition that nonlinear term and pulse

value are satisfied. An example is given to illustrate that the required conditions can be satisfied.
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B
Z IR SCER A B K, A SCHFFE AN JE 21 Bk vh Aoy T 2 4 32 A TR R
Diu(t) = fLtyu,v), 1<qg<2,t€ ],
‘Dto(t) = fr(thu,v), 1<p<L2,0€ ],
AuCty) =1, (u(t)), Av(y) =L, (v(ty)) k= 1,2,,n,
Va0 (1) = Tty AV (8 = JouCo(ti)) ok = 1,2, 4m,
u(0) +u'(0) =0, () +2(0) =0,
w(D) +4/ (1) =0, o142 (1) =0

(O

BTN R

J'h=00,D.0 =T \ltrstzsest,) ] = [0,11,0 = 10 <ty <ty < oo <t <ty = Lok = 1,2,
n,f; € C(J XRXR,R),I,, € C(R,R),J,, € C(R,R), (& = 1,2),Au(t) = u(ef) — u(ty),Av(t) =
o) —v(6),Ad () = /&) — W &) A0 @) = V@) — V@) uld) = limpgtuCs, + R ulty) =
limyo-uty +h) = uy) o) = lim.otv(t, + h) ,ov(ty) = limy.o- v(t, + 1) = v(t,),

2 WEmMIR
EX 1M PE¥ o EXERECO,1) ., > 0, WHEH ¢ B9 Riemann-Liouville 4348 B #1430 & X K
I'u(z) = %q)j;(t—s)q_lu(s)ds, t € [0,1],

EX 2™ ¥ ou e XAERXE0,1),9 > 0, W N ¢ B Riemann-Liouville 45 B S5 R

’ -1 d
D (t) P(n—q)(dt

)"J;(t— DT u(s)ds, n—1<<qg<mn,t € [0,1],

B 7S [H]

PC(J,R) = {x:] > R;x € C((tystp1 ]sR) sk = 0,1,2,++,n,2(t5) = x(ty) sk = 1,2, ,n} , JBE N
|zl pc = supie; | z(® |,

PC'(J,R) = {2 € PCU,R;a'(tr) = @)k = 1,2, WE K lalpe =
max{ | z [l ecs | 2" | ec}o

B SCHk[1] %0 PC(J,R) J& PC'(J,R) /& Banach %= [A] . e #Z5 6] PC' (J,R) X PC'(J,R), Vi E LN
| Cusod | = max{ | wllpts vl pct}s V¥ (usv) € PC'(J,R) X PC'(J,R) ,/&— Banach %3 [d] ,

EEIY (EHFREGEFREHED & X REFNERSMH.TE X EHEHREZ. B2 THARE 1R
A

EHE 2™ (krasnoselskii N3l &5 EH) ¥ M & Banach 5 8] X A — N IES N T4 R A, BRE 2B
%’ﬁ'f&:

D XEEW z,y € M,F Az + By € M;

A REHESPGT;

3)B Z—A~ B 45 WLt
MAELEEL— 2 € M, f#i18 2 = Az + Bz,

3 1™ Rk

Ltost1 ], k=0, 0, t€ Jo,
T Ty k= 12eeen XD =4 g g

XFT @, ¢ € CLO, 1] I 43 H i Bk vl 43 T 5 2 3 {1 ) R
Du(t) =), 1<<g<<2,t€ J
Do) =), 1<p<2.:e],
Auty) = 1, (u(@y)) s, Av(t) = L, (v(ty)), k=1,2,,n,
a0 () = T () AV D) = Jou o))y k= 1,2, ,n,
u(0) +4/(0) =0, v(0)+2(0) =0,
u(D 44’ (1) =0, »1)+1)=0
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B R (u(t) yo(e)) JHoH
t 1 _ g1 1
w(t) = %q)ﬁk(t—s)"_lgo(s)ds—i—(l—t)[ t %go(s)ds—f—ft %go(s)ds—f—
D (J Mgo(s)ds—f—lm(u(t[)))-i— D (2—tk)dtk ugo<s)ols+llk<u<tk>)”+
0<z, <1 —1 r<p ' 0<r<1 7 I( 1
% (tk_s)rl _
NODY (f ey P L) )+
0<tk<t —1
0 3 ([ B ds+ T
* 0<<g, <1 ' ( o, I'(@—1D ¢ v ‘ )
_ 1 - - a— -
oD —Tp)j%(z O g ds + (1 z>“ —P( " e(sds + —F(p Xt ds+
v (4, o b (t —
ngll(j% 7”?) §(s)ds—|—12k(v(tk))>+o<tzk:<1(2 mdtH 71” g(s)ds+12k<v<zk>))]+

OB d Tp)g(s>013+12,z<ao(zk>>>+

0<tk<t
- % (t —
X<t>0;k<l<t wdtH —P(p {(s)ds*f']zk(v(tk)))
3 EEHZR

EE3 4 fi € CUXRXR,R),L,: € CR,R),Jiw € C(R,R), (i =1,2), f; LA F R L »
Ji %ﬁéﬁ@ﬁo@ﬁﬂﬁﬁﬁﬁﬁ LysLyyLy s My My ly Ly oLy smy ymyg ﬁfﬁ‘

Hp») | S1urv) — f1(Euz,02) |<L1max{| w—u |y | vi—v |},VtE [0’1]9

| foCtsursvr) — fo(trus,ve) [<<Iimax{| wy —wus | | v —v |}, ¥Vt E [o,1],

H,) | L Cuy ) — I Cu) |<L2 | Uy — Uz |’ | Jie G — e Cu) |<L3 |u1—u2 |’ | L, () |<M29
|]1,k(u) |<M3’ | Iy, (o) — I, Coy) |<lz lor—v |y | Jou Cor) — Jo0Cop) |<ls lor—v |y | I, () |<
myy | Jou (o) |[<<my bk =1,2,,nm,

H;) max{A;,A;,As,A} <1,

. 20+n) | 14+ 3n _,r2d+n | 1432
Hea = LIEF( +1)+P(q) 1+ 2L, + 3Ly, A, zl[P(p+1)+F(p)]+n(zzz+313>,

14+n +2—|—3n 14+n +Z+3n
'ig+1) TI'(p '(p+1  I'(p

1r20+m  143n7"  1r 14n | 24+3nq"
L, <maX{7[(P(q+1)+p(q) )] ’ ?[F(q+1)+F(q):| h

204+n) | 1+3n,77" 1 1+n 24 3n7"
R E R TR Il rEsvRE vy I

FST ) 43 B B Bk b i 4 T R4 (D) #E PC*(J ,R) X PC*(J,R) B ME—F#,
PERl X WAt A:PC'(J,R) X PC'(J,R) - PC'(J,R) X PC*(J,R) Ii'F :
ACu,v) (1) = (X(u, @), Y(u,v) (@),

Ag =L1(

)+n(L2+3L3)9 A4_ (

)+ nll, + 31,

I, <max{%[(

Hrf

X(u,v)(t)=(1—t)Ul A ) i Gsauls) so(s))ds

., I'(q

1 (1—5)

. T(q— f1(s,u(8),v(s))ds—|—

0<zzk)<1<th_1 Tfl (syu(s) yo(s))ds+ I, (u(sy )))+

E (Z_Ik)<jtk (tkil)fl(s,u(s),v(s))ds-i—]l p Qu(ty )))]

0<t, <1 -1

x(z)();j; (PTfl(s,u(s),v(s))ds—F
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20 3 ! G A G v ds +
[ RS G o s+
x(® D7 L Cult)) +
o
x(t)0<2<(t—tk)Jl,k(u(t;)),
Y@@ = 10 U A2 faGsous) ) ds +
G ) e ds 4
<E<(J (F(—p)fz(s,u(S),v(s))ds—f—Izk(v(t D)+
O;Q(Z—tn)(ﬁ; (If(p—)fz<s,u<s>,v<s>>ds+fz,,<~o<t )))]+
x<t>0;<tf 1:(;; FoCsruls) s u(s))ds +

(t, —
X(t)o;k@(t WL_I e v &= D77 () o)) ds +

j G S)) f2Csouls),0(s))ds +

rip
MODIPNCICOIEE
0<zk<t
1@ D) =t ]2 (),
0, <t

A/(u9‘0)(t) - (X/(u9v)(t) ,Y/(u,v)(t)) 9’

/\I:P:
X (s ) () —j’ GO b uls) o) ds +
ki . 1—,( 1) 1 ’ ’
(tk
1@ > J f1<s,u<s>,v<s)>ds+
0, <t ]

O 3 o Cul ) — j A= £ (yuls) sols))ds+
X e 1.k k [ . T 1085 )
jj %fl(s,u(s),v(s))ds-i—

w o (t,
—(a()’())d+l(())+
0<Z<1<J 1 I'(g) J1Gsruls),ols s 1,6 Qu(ty )

D <2—tk>(j’k (li’z—f1<s,u<s>,v<s>>ds+11k<u<zk>>)],
0<z, <1 L

Y o) () = [ L= o) u()ds +
. Tp—1D 2 (s, ,

x> [ %fm,u(s),v(s))dw
0<t, <t ¥ -1

2 S Joa (o)) — U (lprz(s,u(s),v(s))ds—f—

0<r <t
1” %fz Grus),v(s))ds +
E (f’z ufz (sru(s)yv(s))ds + L (vt ) )+
0<r, <1 k=1 F(p)
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([t =t )
o<,ZkD<1(2 tk)d%—l rp—1D fz(s,u(s),v(s))ds—F]z,k(v(tk)))]0

7E X SUP:efo,17 | £1(¢,0,0) |= M, » SUDP;e[0,1] | f2(¢,0,0) |=m;, B

2(0+n) | 1+3n 2(0+n) | 1+3n
F(q—|—1)+ e )+n(2M;, +3M;)], >2[m1(1“(p—|—1)+1“(p)

1+n 2+3n 1+n 2+ 3n
r = 2M e T R FToFD T

| fiGs,u(s),v(s)) <] fil,uls),v(s)) — f1(s5,0,00 |+| f1(s,0,00 [< Limax{ | u(s) |,
| o) [} + M < Lymax{ [« pcs |0l pc} + My < Limax{ [ w |l pcts [0l pcr} + My = Ly || (wyo) || +
M, < Lr+M,,
Hh r = max{ri,rssrss74}>

THEFHEIEH AB,) C B,,H# B, = {(u,v) € PC'(J,R) X PC'(J,R): || (us0) || st <7}

Xt F(u,v) € B, B

1 _ g1
B ||PC<L % | i Gsaa(s) s u(s) | ds+j

r = 2[M,( ) +n(2my +3ms) ],

Y+ n(M, +3M;)], 7, = 2[m( )+ n(my +3my) ],

L (1—s)r?

t m | f1(s,u(s),~0(5)) | ds+

t _ g1
> (j = DT Gl o)) | ds | TGl ) )

0<z, <1 \¥ %1 INGD)

o (4, — )78 _
> (Z—tk)d Ta—1 | f1Csouls) () [ ds+| el ) |)—|—
0<g, <1 Tp—1

6 (4 — )71 B wo (g, — )T
0<Ztk)<t LH T | f1(ssuls),v(s)) | ds+0§<t| (t— 1) |LH TG—D | f1Gruls),v(s)) | ds+
CUTIT Gyl Tds+ D) T L) 1+ S L G [ T 1<
A INGD) 0<g <t o<y, <t
20+n) | 14+ 3n 2(1l4+n) , 14+ 3n rn+r
LIEP(qJFDJr e ]r+[M1<F(q+1)+ o) ) +n(2M, + 3M;) ] << 5 <7
R AT 75
2(0+n) , 14+ 3n 2(14+n) , 14+ 3n r, +r

Y Curo) || e < ZIEP(P+1) + N ]r+[m1(F(P+1) + e ) +n(2m; + 3my) ] < 3 <r,
I X0 e <L (I’(lq—:—nl) + 1I’—i(—qs)n]r—i_[M1 (I‘(lq—:—nl) +2F—|(_q3)n) (M, +3M)] < ;—r< r
1Y ) | e < (i 2H8ny, oy L | 2480y 4 s < T <,

Do

rip+10 ' ri»+1  I'(p

Fﬁuﬁ:

[ ACuso) || ot = max{ || XCur0) | pet s [| Y(us0) || por } = max{max{ [| XCu,0) | pcs | X' Cus0) || pc}>
max{ | YCus0) | pes | Y Cuso) | pe}} < 7, B A(B,) C B,,

FHE A:B, > B, EE45M%

| f1Gou (8)50,(5)) — fF1(sou (5) 0, () | <<

Limax{| u;(s) —u;(s) |, | 01 () — 0. () |} <

Limax{ | ws —u [l pcs | 01 — vz | e} <

Limax{ | ws —u [l pct s [l 01 — 02 | st } =

Lill Gus — s 500 —02) || pt =

Ly || Cuysor) — Cuzsv) || pet s

| I, Cun (80)) — L Cup (8)) [ <<

Ly | () —u (1) |<

L, ” U — U ||PC<

L,;max{ ” Uy — U ” PC» “ V1 T U2 ” e} <

Lomax{ [lws —us [l pc' s | o1 — v || e} =

Ly || Gy —ugs00 —v2) || pet =
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Ly || Gy sor) — Cussvp) || ot s

| TG (80)) — T Qe (1)) | <<

Ly | w () —u () |<

L; ||u1_u2 ||PC<

Lymax{ | ws —u [ pcs [l 02 — 02 || pe} <
Lymax{ [ wx —uz [ pct s |02 — 02 [ pet } =
Ly || Cuy —uy 0y — 05) || pt =

Ly || Gy svr) — Cussvo) [l et s

Xt F Cursv1) 5 (uz sv,) € PC'(J,R) X PC'(J,R), Yt € [0,1],H:

I XCuysv) — XCusyvs) || pe <j‘ (II“T | f1Gou (8) 50, (s)) — fLlssus (5) v, () | ds+
FATDT e i (90 () — fiCsrup () 0y () | d
:, T fl SoU1\S) U1 S fl Setts () y v, (s S+

<E<(j “FT | G ()50 () — fiCsaun () 50 (D) | ds | Tip Gy (80)) — Iy Catn (£)) |)+

E (Z_L‘k)<jtk (tki | fl(S’ul(S)"Ul(S))_f1(59u2(5)9vz(5)) | d5+| Jl k(ul(tk )) Jl,k(uQ(t;)) |)+

0z, <1 P(

j’k = DT ()0 (D) — 1 Gatn(8) s (5)) | ds+

0<t, <t ¥ -1 F(q)
E (t— 1) |th (It,k(— | /1Gru ()50 () — f1 (s (8) 502 (8)) | ds+
0<t, <t B
J (tk _S) 71 | ( o d
I F1Gour (8,0 (D)) — f1Ghu (8),0,(8)) | ds+
D LG ) — LG ) |+ D0 [ =) | Jia G () — T (1)) | <
0<tk<t 0<tk<t

[Ll [?1((1 j—_q; + 1P—f(—q3)n:| + n(2Lz + 3L3):| “ (ul "Ul) - (uz 9’02) ” pct o

E AT 5

¥ Gy =¥ ) e < [BEFERS + ]2l 30 |1 o) = G | e
X = X v | e < [ Qg B Ty + e 4300 |1 o) = Gl e
1Y Gy =¥ o) e < [ Gy 5+ gy e 300 T o) = Gy [ e
nA .
” ACuysv) — Alus sv2) ” pct = max{ “ X(uyyv1) — XCuz 502) “ pct s “ Y (uysv1) — Y(uz 505) ” ) =
max{max{ ” X(ul "Ul) _X(uz 97)2) ” PC “ X/(ul ’vl) _X/(uz ”Uz) ” PC}’
max { “ Y (uy sv1) — Y (uz 505) ” PC » “ Y/(ul »01) _Y/(uz »02) ” pct ) <
| max{max{A;,A;},max{Az,Ai}} | | Gusvr) — Cuzsv) || ot =
| max{A; Ay A5 A4} | ” (uy,0) — (uz yv2) ” pPcl o
Her.
2(14+n) , 1+3n 2(1+n) | 1+ 3n

1+n 2+ 3n 1+n 2+ 3n
A < L,y (F(q+1) + ' J+n(2L, +3Ly), A< ll(F(p-i—l) + o) T+ nC2L + 31,
T max{Aus Az As A ) < LIS ACur0) (0 %—/\Eﬁﬁﬂﬁ%ﬁa‘ i mﬁﬁﬁawmﬁ%w%m
EE 4 WRFKM HO MM H) 8oL, H n(2L, +3L;) < - ,n(ZZz +3L) < = ,X]‘:F VY (tyu,v) €

[O,l]XRXR,ﬁ | f,»(t,u,v) |< ”}l “ Ll = 1,2,ﬁ¢‘/x & L([O’1:|9R+’R+)ol)-uﬂﬁl5];@(1) E[O?lj EP
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B4 1M,
JER 4
20+n) , 1+ 3n 20+n) , 1+ 3n
s > ”#”L[F(q+1)+ I’(q) :|+ (2M2—|—3M3 ’76/ ”#” [F(P+1)+F(P) :|+n(2mz—|—3m3)’
ro el Lt - 237 v, 4 3M) e = [ | L[+ 2377 4y 4 3my)

I'g+1 TI'( r'(p+1  Ip
B, = {(u,v) € PC'(J,R) X PC'(J,R): || (u,0) || <7}.(r=max{rs,rs,r;,7s}) . & XTE B, LRI
S omw mT:
D(u,v) (1) = (P, (u,v) (1), @y (u,yv) (£)) , H

O (o) (D) = (1— 1) U (IFTfl(s,u(s),v(s))ds—i— (li)fl(s,u(s),v(s))ds—f—
% (t % o (t —
;}J —P( ) f1<s,u<s>,v<s>>ds+0<t2<1j%_l @ — 10 —P( fl(s,u(s),v(s))ds+:|+
x () E J F—(s)) S1Gouls),v(s))ds + ¢ (0 E J (tk—fl(s,u(s),v(s))ds—f—
0<t, <t 0<t, <t ]
J; %fl(s,u(s),v(s))dso
&, uy0) () = (1—1) J Q=D () o) ds+ | (1—f Csru(s) yo(s))dst
B [ rap ° L T(p—1D7*
% (1, (t,
O;QL_I Tp)fz(s,u(s),v(s))ds-|—O<Z<Jt}é_1 mfz(s,u(s),v(s))ds—l—]—i—
X<t>0<2<j,H = f2<s,u<s>,v<s>>ds+x<t>0§<t<t—tk " LD Gl o) st

j’ %fz(s,u(s),v(s))dso

73

& (u,0) (1) = (©/1(u,v)(t) @', (u,0) (1)), H
g fl<s,u<s>,«o<s>>ds+x<z> > [ ufl<s,u<s>,v<s>>ols—

2 F( 0<<t, <z

¢,1 (u"U)(t) =

' — — )72
[Lﬂ %fl(s,u(s),v(s))ds-l—ﬁn Til)fl(s,u(s),v(s))ds—f-

S G ods+ D) a— " Lflu,u(s),v(s))ds]
o<ty <1Vt INCD) o<, <1 g D
', (ur0) (1) = J (Iik(p—fz(s,u(s),v(s))ds—i—x(t)();Q L %fz(s,u(s),v(s))ds—
1 _ 1 2
U %fz(s,u(s),v(s))ds—kj ;l(p ) )fz(s,u(s),v(s))ds+
% (tk_s)rl (tk
<E<J OO f2<s,u<s>,v<s>>ds+o<t2k<l<2 mth v fz(s,u(S),v(S))ds:|

T(u,v) (1) = (T (u,v) (), W, (uyv) (1)), H
V)@ = Q=0 ( D) L))+ 27 @— )] iaCult)) )ty X7 T u)) +

O<tk<1 0, <1 0<t, <t

1@ D) =] ),

0<tk<t
V)@ = Q=0 ( D] LaGw) + 35 C— )]+ y 0 3 Lol +
O<tk<1 0, <1 0, <t
MOIDINCES DI CICIN
0, <t

q/(u"v)(t) = (W/l(u’v)(t)9W,2(u’v)(t))’,\np
V) () =y @ 35 J1eGs)) = [ 3] hulal) + 35 Q=) ] @) ],

0y, <z 0, <1 0<C, <1
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Vo (o) = 20 35 JouCo) —[ 2] LuCo)) + 25 2=t )0t ]

0, <t 0<t, <1 0<t, <1

X{l‘:‘F‘(ul ’Ul)’(uz NNS Br’ﬁ

| @) Gy von) + @, (o) e < Ml e J(fféi’{; D]+ n(2M, - 3M) < <

” @, Cuy sv1) + Uy (uz »02) || PC < ” y23 ” L[(I%E}biq)) + 11-,—2—;)”)] +n(2m, —|—3m3) < Ts < ry
|| / / 1—|—n 2+37’l

D (uyyv) + 9 (up 5 v2) ” PC < ” y23 ” L[(P(q+1) + I’(q) ):l + n(M, +3M3) < r7 < T,
1+n 2+ 3n

@, Cur s o) + W5 Cup s 0) | e < I e Il L€

B A
| Cus s01) + Wz 05 || et = max{ [| & (s sv1) + T (g sve) [ et s | Do (et svr) + o Cutz se) || et } =
max{max({ “ D; (uy 5v1) + W (usz 5 02) ” PC 9 “ @/1(711 »01) —|—\P‘/1(u2 202 “ et s
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