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Numerical bifurcation and hybrid control of a Gompertz
model with time delay

SONG Jizhi', WANG Yuanyuan®

(1. College of Computer and Communication Engineering, China University of Petroleum (East China), Qingdao, Shandong
266580, China; 2.College of Science, China University of Petroleum (East China), Qingdao,Shandong 266580, China)

Abstract: In order to study the stability of species, the biological systems are required to reduce or expand the stable region.
For a Gompertz model with time delay, a hybrid control Euler method is proposed in which state feedback and parameter
perturbation are used to control the Neimark-Sacker bifurcation. The local stability of the equilibria is discussed according to
Hopf bifurcation theory. For controlling Neimark-Sacker bifurcation, the hybrid control numerical algorithm is introduced to
generate the Neimark-Sacker bifurcation at a desired bifurcation point. The explicit algorithms for determining the direction of
the bifurcation and the stability of the bifurcating periodic solutions are derived by using the normal form method and center
manifold theorem. Numerical examples are provided to illustrate the theoretical results. The research results show that the
branch point can be in advance or delay for the delay Gompertz model system through choosing appropriate control parameters.

The algorithm has obtained good results both in theory and numerical performance, which provides a new method and has
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certain theoretical significance for its application in many control problems.

Keywords: numerical solution of ordinary differential equation; Gompertz model; hybrid control; Euler method; delay;

Neimark-Sacker bifurcation

Gompertz 77 #2124l R S 49y 06 46 [r] i ) B AL 22— AT R AR

i<t>:—m<t>1n‘r;g), (D
‘ . . . e (1) N
A (O R FUBEE s7>0 f2 A7 35 K 0 2 3R 5038 A0 A sl ML RBE s — I 2 AL 3 3R
RIEYFh G KFEE ZHEY AR MA R ¢ —o) MR (DOBIEN
() =—rz () m%, (2)

Arf e >0 UK RIEIR . ARG (2 BN IR Gompertz BEA, 1 22 R G0 (1) F(2) DL KA 5C B & 48 A SCRR
[2—6 A TRAIE .

53 ST B H A R S R A B R A 43 SR I RO A SR S R RRE 43 3R Uik 1 AR
SFCUAESCIR 12— 13 e IR R O R T R R 4 SR A

IRZAG LT 122 2 G0 WK B A SR Ak A R L TS 381 2% 8 R 5 I 1) 28 4 -5 12 45 AR 8 8 7 A 8 1) s IS
IR R A 45 R . R SCHRC 14— 18 ]rh W JEBE SR Aoy 7 A, 25 Hh T AR 2 BUE D7 L IE W] T B I R S RE AR 4
Jey S RE s AN Hopf 7332, SCHRL 19 TRE I RRBEEE XS T 78 73 /IN B A5 1K IO L 5 JROA AR Y LAY A [ 6 AL B Hopl
OF 3. TEAEICH A TIER Gompertz #5581, AR 1 1RG4 1 0L 12 I BLSR 0 0 IR S R 15 L 2 43 )
22 Neimark-Sacker 7332 . 45 2 Wi i Vo455 18 MO P2 S 80 1 R I8 1247 R A TRl

1 EBEEHIERRS FER Hopf 73X

By (=" g o) A
y()=—rc(y () + DIn(y (¢ — 1) + 1), (3)
AR TR (3) A ME— (W RS- 05, 7 R (3D A S 808 sh R S S s B an R Jr 2
y()=—art(y@) +DIn(y¢c—D+D+A—adey&—1), a >0, 4)
X 0 AR (D - 5y =0 A LR Ak A5 2] T 1 1) 45
y()=[—awrr+ A —a)c ]yt —1), (5)
TR GO R E T R N
A=[—arc + ({1 —adc]e?, (6)
W w=>0,iw &7 R 6) B fFE, 7T LIS 2] .
iw=re*“[—ar+ (1 —a)], 7
O3 T SN K AR A
(1* )* S :Oa
[ a ar]c?iw (8
[ (1—a) —arlsinw=—w,
FHAT BT 45258
wl=7[—ar+A—a)]*, (9)
1— 1—
Bl w=clar—(1—a) ], r> aao %’{r>Ta,nUﬁ:
m, “ 4 2kme B =0,1,2,0, (10)

:((1—01) —ar)sin w
W wi=tlar—(1—a)] A, =a, (2) Tiw, (DBEFTEGIE c=7, BT — DR L a, (z,)=0,
w, (t,) =w, ., FAILEE]T LIS,



114 Mo B R % %R 2019 4

gliﬂl a/k(rk)>00

R RGO PR « oS3 .

s, T da -1 i
(dr) —T+A, [dr r:rk] =c(1 w)’
mIiEE o, (z,) >0, JEEE,

EE1 XMNRGEW, FHMEIBAT.
17 - \ N PN 7S Py Y- N
LUES r>TaqﬂU¥@Iﬁ y=071E € (0, v )NHTEFRAE . 2 e >0 WARRE . MPMEHE y=0. =1,

k2071’29'°'£¢é§ijﬁ Hopf %io

2 RARAEHREHEEG

EH RS BEEHOR S W RS, N SCER[ 12— 13 TR TR A T il SR ms , x5 B2 (3) 7 FH R v 45 3]
20

Vo1 =y, —ahrt(y, +DInly,., + 1 +A —a)chy, > a >0, (1D
GIHE—DHFREREY, =y, sy, sy ) TREADIEN
Yn+] :F(ynvf)a (12)

;H\:I:F'F:(FO7F1""’Fkv""F,,,)’
wr FLA—a)th —athr ]y, mes k=0,
Fo=""" et (13)
Vurtls 1<k <m,

WS (12) B Lk 20 I -

Y, =AY,. (14)
/\I'I'l:
1 0 0 0 (1—ath)—athr
10 0 0
a0 ! 00 0 , (15)
0 0 1 0 0
0 0o 1
FEFE A BYRAE DT R
A=A+ [ —a)th —athr] =0, (16

BIEE 2 R r>1al,mwﬁ(m)a@@fmﬁw@ﬁm? 1.

R B oe=00, FRRAON A" T —2"=0, W FTEA m TEBA=0M—1THR1=1, ZER
AR IAO =1, XMRERT r C WE, FHREA6) AR NT 4558,

dial  —dx —da dlal?
dr —A d'L'—Q_;t de’ dr

=2h[(1—a)h —ahr],

A=1,r=0

H I, R (1—a)h —ahr<<0, B r>1a;“,ﬂlJﬁ%%(l6)é@BfﬁffEE@ﬁ/J\jf 1A <), jEEe,

MURAE R (16) AR 2833 B B BF 45 Neimark-Sacker 4337 724, ZEFEL B FER L AMEK ¢
ME . e AL ERARR e vw € (—mon], AL — S0 20 B B AR B, OF B AR O 3L 7R I
w € (0,70 U e JEHRFAET7 2 (16) AR L I LI 12 -

e — 14 [ahr — (1 —a)]e "™ =0, (17)
43 18 SR M M B A 5
cos w — 14 [ahr — (1 —a) Jcos mw =0,
18)

sin w — [ahr — (1 —a) Jsin mw =0,



%2 Rk 55 R Gompertz B 1 B 43 3T HHR & 42 115

FEN
cosw:l—%hw[ahr—uﬂ)]a (19)
WRAEK b FE4/N M cos w<<1, /N ¢ FIESLE AR 195,
w, =arccos(1 —%/ﬁ#[ahr — (A —a)]) + 2kn, &k =o,1,2,--~,[’”7*11, (20)

Hop [ o IR BRI R, R w =, Al LR H] — R 5 BB R ER S8 o, W5 R T (18D
Bl 3 WA, (0)=r, (D™ BHFRUOTIE c=c, MEH L r. () =1.w, (t;)=w, - WA .

dri (o)
- >0,
dt TET s w T wy
R MR (16) 155,
~ (l—a—ahr)t
A S
dri (o) - ~dA - 22m~+1) (1—cos w)
dt B —IRA dz') S — [n+Decos w—m) ) +[Gn+1Dsin w |? B -0

TE2 XNESAD, PSS,
1_ _ Sy Py N =
B r>Ta7Jrl'HZf§iI)ﬁ y=0,4 € (0, O BWEREN. Y c >, WARE, M TFHEAD,

Mor=c, ,/e:O,l,Z,-",[7?1271]5?,@%@?,@ y=0 ZJJj Neimark-Sacker 7337 ,
ER AR > RS 2 RS 8 RO [200 0 2.0, 75 5107 B C16) B BF A L 2

‘[6 (O,To)ﬁj*ﬁd\ﬂ: 1":le T>To Hﬂ‘,i&hﬁy}ﬂ‘*ﬁ*ﬁj‘ﬂ: 10 ﬁt%ﬁﬁ\ﬁijo ﬁEﬁb‘o

3 BEEHI R th Neimark-Sacker 4 A i E &

% % 1HE Neimark-Sacker 4332 J7 i & @ ¥ . H L Neimark-Sacker 2032 B & e =1, k=01,
[mTﬂ]o T8 3% — ¥ 53 28 R O ALY Y 0 O i 8 BF S Y © =1, Ab Neimark-Sacker 73 3153 32 i
fige 19 77 1)

Vo1 =y, L (A—a)th—athrly, ., +

athr athr

2 (Vi = yu¥uw) T 2 Gy.yi,—2yi-.)+

OCyi+yi .15,
X 1 1
HIE X T RS (1D e N Y, =AY, + 5B, Y ) CW,Y, YOOy Y,

/\EF]:
BY,.,Y,)=(,,,Y,),0, ’O)T , C,.Y,. Y )=(,,,Y,,Y,),0,- ,O)T ’

bo(psdp) =athr(—dod, —¢.do T ¢nd)
co(gsgsm) =athr ($og T budon T ¢uduno —2¢.un.)
B q=q(r,) €C"  REFE A WRAE(E 0 X B —ANHEAE i 4 L U s Aq = 0 g Ag =e g,
FIA q KRR q =q (o) € C"' R ATg =c ™q ,ATq =c™q JWEHAIG .q) =1,

Hrdqg .q)= EO q.q:.
S 4 EXL-ADIMEERE p.CoC R p(O =" " ", DV IR & A BN —AFREE,
M Ap &) =¢ép (&), MAETIH 4,155,
g =p (™) = (" e D% jeee o0 )T, (22)
SIES & q=1C(q0:q1>»q.) 2 A XN TRIEE e MFER . q " = (g0 sq s+ sq. ) SR FE
AT XER PR e o ARE I i, H(qg q>=1,0

2D



116 Mo B R % %R 2019 4

g =K 1.ae"™0 e V0 e g™ ,qe™0), (23)
Hrha=0—a)th—athr,
K =[e"™ 4+ mae ™0 ], (24)
FRA ¢ R ATq =zq , z=¢ ™ UH—RINZER KT

g; =e gl s k=23, um,
(25)

aq, =e “vq, ,

W g, =ae™ K, FHAROA (g q> =1 &M BRI @M QORLER .,

I8 T coner HRTRE FHRFAEAE e BURFIESS ], B2 BT {Re(q) s Im(g) A2 LAY 425 ], Im () R R ELH
HEFR . T SRHEFE AT X AIBR 25 e ™0 Z A R AE (B A 8 AF 1) B2t A ARG G — D) 25225 1]

B xER" AR x=vg+vg+y , XHEvECv+vqg E T s sy € Toure s E8 v B x
TE T e LI FRIEF] v=(q" ,x),y=x—{(q" »x)q—{q »x>q, % aQ)E A WIEEFLZHX A, = iR
i SCHR 18] 403k A SCilk (19 ] AR, i 3 4 o A L A5 30

g,=Cq" 'B(q,q)), gu={q B(qg.q)), g»={q B(q.q)),
g0 ={(q" +B(q,wy))+2(q" ,B(q,w,))+(q" .C(q.q.q),

X H,
wzoz%p(m)i<q*A,gBi(3;q)>q7<q ‘A,;;(io,qwq’
bo(q.q) (q" \B(q.q)) {(q .B(g.q))
wuza(il)p(l)— = q— — q.
i
ey =B280A=20)  Jgn l®, 180" | gu 6

2Q5 — &) 1—2, 24— 2
DM (22) K53 5,155,

bo(qsp (™)) =arhr(— e™o — %0 4 1),
bo(q.q) =athr(— 2™ + 1),

bo(q.q) =athr(—e¢“ — ¢ ™0 1),

bo(q.q) =athr(—2e ™0 +1),

bo(q.p (1)) =athre ™o,

@27

co(qsq.q) =athr(4e™ 4 2¢ ™0 —2),
a (et ) = i@ FDwy o ~2iwg +1,

a(l) =1,

I Zl BB R o (2

SIE 6 X (12) e -

DA =r () e, XH r (" )=1,v" (" DF0,. 3 H w(t")=w";2) " F1.k=1,2,3.4;
3Rele ™ ¢y (r7)]F0. A T 4 FA] AEAYFE L«

Or'(c7)>0,Rele ™ ¢, (7 )]0, Y oo™ B, A RHHEREM AN Y o> B AR AR
FE B AN L HAFAE — W0 F e 19 P 0 AN A2 il 2k

@r'(r")>0,Rele ™ ¢, (" )]>0,Y o< W, JFEZHERENANE S, Y o> I, A RARE
BB AL HAFTE— DA TR B P B A8 i 26

®@r' (7 )<<0,Rele ™ ¢, (¢" )]0, Y >0 B, A RWHE R E M AN ALY o<l B, 7SR
FE B AN s HAFTE — W0 fe o 1 P 0 AN A2 il 2k

@r' (z7)<<0,Rele ™ ¢, (" )]1>0, Y > I, B A RUWNERENANE A, Y <o B, FEEAR
FE IR HAAE— D AT E A A 2k

W A BV 58] (o) >0, Hk, 5B 6 /5 E] R A4S .



52 W Rk 5 SEIR Gompertz AR 1 55 (8 7 32 AR & 15 461 117

EE3 R r>1aly§'l t€[0,r ), y=0 ZBWEREMNAN N, Y c >, Bl .y=0 BEAREN,
Neimark-SackerZy X By 7 M Al EEH Rele ™ ¢ (e ") JHFSHRE ., W Rele ™ ¢, (z7)]<<0(>0), M)
M >, BIAFEME— 5| B CHERR ) ASAE £k .

4 FEEM

EHEABEKRERE 1 258 3 W
HBOBEr=1,h=0.05, 4% HZ% «=0.6,0.8

F 1 RAIEHR BRIk A
Tab.1 Values of of Hybrid control Euler method

a 0.6 0.8 1 1.2 2
W25 R s 1A 2 fras, £ 1A TEAR o
Ty 7.66 2.55 1.53 1.09 0.51
{EETJ‘E/‘J TO {Eo
51 16
14 -
41
12+
3r 10
% K ol
% 2+ = 8
& g 6F
St 4t
| 2|
0r = oF Wannanamn AN
-1 'I\ L 1 L L | -2 1 1 L L L |
-10 0 10 20 30 40 50 =50 0 50 100 150 200 250
t/d t/d
a) 7=5 b) =8

Bl FRMEAKEXORMEHE. T K L=1/20,a=0.6
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Fig. 2 Numerical solution of Eq.(4) with the Euler method corresponding to step-size h =1/20 when a =0.8
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